In this paper, the author introduces parabolic generalized local Morrey spaces and gets the boundedness of a large class of parabolic rough operators on them. The author also establishes the parabolic local Campanato space estimates for their commutators on parabolic generalized local Morrey spaces. As its special cases, the corresponding results of parabolic sublinear operators with rough kernel and their commutators can be deduced, respectively. At last, parabolic Marcinkiewicz operator which satisfies the conditions of these theorems can be considered as an example.
Introduction
Let R n be the n dimensional Euclidean space of points x D .x 1 ; :::; x n / with norm jxj D with constant coefficients fa i;j g, among some other estimates, one needs to study the singular integral operator T with a convolution kernel K (see [1] or [2] ) satisfying .a/ K .tx 1 ; : : : ; tx n / D t n K .x/, for any t > 0; .b/ K 2 C 1 .R n n f0g/;
.c/ R
Similarly, for the heat operator
the corresponding singular integral operator T has a kernel K satisfying .a 0 / K t 2 x 1 ; : : : ; tx n D t n 1 K .x/, for any t > 0; .b 0 / K 2 C 1 .R n n f0g/;
.c 0 / R S n 1
To study the regularity results for a more general parabolic differential operator with constant coefficients, in 1966, Fabes and Riviére [3] introduced the following parabolic singular integral operator .i i/ K 2 C 1 .R n n f0g/;
.i i i/ R Let 2 .0; 1/ and 0 Ä ' n 1 Ä 2 , 0 Ä ' i Ä , i D 1; : : : ; n 2. For any x 2 R n , set x 1 D ˛1 cos ' 1 : : : cos ' n 2 cos ' n 1 ;
x 2 D ˛2 cos ' 1 : : : cos ' n 2 cos ' n 1 ;
: : :
x n D ˛n sin ' 1 :
is the element of area of S n 1 and ˛ 1 J is the Jacobian of the above transform. In [3] Fabes and Riviére have pointed out that J .x 0 / is a C 1 function on S n 1 and 1 Ä J .x 0 / Ä M , where M is a constant independent of x 0 . Without loss of generality, in this paper we may assume˛n ˛n 1 ˛1 1. Notice that the above condition .i / can be written as .i Note that for each fixed x D .x 1 ; : : : ; x n / 2 R n , the function
is a strictly decreasing function of > 0. Hence, there exists an unique t such that F .x; t/ D 1. It has been proved in [3] that if we set .0/ D 0 and .x/ D t such that F .x; t/ D 1, then is a metric on R n , and .R n ; / is called the mixed homogeneity space related to f˛i g n i D1 . [4] [5] [6] for details.
Let P be a real n n matrix, whose all the eigenvalues have positive real part. Let A t D t P .t > 0/, and set D t rP . Then, there exists a quasi-distance associated with P such that (see [7] ) .1 1/ .A t x/ D t .x/, t > 0, for every x 2 R n , Then, fR n ; ; dxg becomes a space of homogeneous type in the sense of Coifman-Weiss (see [7] ) and a homogeneous group in the sense of Folland-Stein (see [8] ). Moreover, we always assume that there hold the following properties of the quasi-distance :
and .Â x/ Ä .x/ for 0 < Â < 1;
with some positive constants˛i and c i .i D 1; : : : ; 4/. Similar properties also hold for the quasimetric associated with the adjoint matrix P .
The following are some important examples of the above defined matrices P and distances : 1: Let .P x; x/ .x; x/ .x 2 R n /. In this case, .x/ is defined by the unique solution of jA t 1 xj D 1, and k D 1. This is the case studied by Calderón and Torchinsky in [9] . 2: Let P be a diagonal matrix with positive diagonal entries, and let t D .x/, x 2 R n be the unique solution of jA t 1 xj D 1. a/ When all diagonal entries are greater than or equal to 1, Besov et al. in [10] and Fabes and Riviére in [3] have studied the weak .1:1/ and L p (strong .p; p/) estimates of the singular integral operators on this space.
b/ If there are diagonal entries smaller than 1, then satisfies the above .1 1/ .1 4/ with k 1.
It is a simple matter to check that .x y/ defines a distance between any two points x; y 2 R n . Thus R n , endowed with the metric , defines a homogeneous metric space [3, 10] . Denote by E .x; r/ the ellipsoid with center at x and radius r, more precisely, E .x; r/ D fy 2 R n W .x y/ < rg. For k > 0, we denote kE .x; r/ D fy 2 R n W .x y/ < krg. Moreover, by the property of and the polar coordinates transform above, we have
where jE.x; r/j stands for the Lebesgue measure of E.x; r/ and is the volume of the unit ellipsoid on R n .
By E C .x; r/ D R n n E .x; r/, we denote the complement of E .x; r/. Moreover, in the standard parabolic case P 0 D d i ag OE1; : : : ; 1; 2 we have
Note that we deal not exactly with the parabolic metric, but with a general anisotropic metric of generalized homogeneity, the parabolic metric being its particular case, but we keep the term parabolic in the title and text of the paper, the above existing tradition, see for instance [9] . Suppose that .x/ is a real-valued and measurable function defined on R n . Suppose that S n 1 is the unit sphere on R n .n 2/ equipped with the normalized Lebesgue surface measure d . for any s > 1. Suppose that T P represents a parabolic linear or a parabolic sublinear operator, which satisfies that for any f 2 L 1 .R n / with compact support and x … suppf
where c 0 is independent of f and x. We point out that the condition (1) in the case Á 1 and P D I was first introduced by Soria and Weiss in [11] . The condition (1) is satisfied by many interesting operators in harmonic analysis, such as the parabolic Calderón-Zygmund operators, parabolic Carleson's maximal operator, parabolic Hardy-Littlewood maximal operator, parabolic C. Fefferman's singular multipliers, parabolic R. Fefferman's singular integrals, parabolic RicciStein's oscillatory singular integrals, parabolic the Bochner-Riesz means and so on (see [11, 12] for details). Let 2 L s .S n 1 / with 1 < s Ä 1 be homogeneous of degree zero with respect to A t ( .x/ is A thomogeneous of degree zero), that is,
for any t > 0; x 2 R n and satisfies the cancellation(vanishing) condition
where
The parabolic homogeneous singular integral operator T P and the parabolic maximal operator M P by with rough kernels are defined by
jE.x; t /j 1 Z E.x;t/ j .x y/j jf .y/jdy; satisfy condition (1). It is obvious that when Á 1, T P Á T P and M P Á M P are the parabolic singular operator and the parabolic maximal operator, respectively. If P D I , then M I Á M is the Hardy-Littlewood maximal operator with rough kernel, and T I Á T is the homogeneous singular integral operator. It is well known that the parabolic maximal and singular operators play an important role in harmonic analysis (see [8, 9] and [13, 14] ). In particular, the boundedness of T P on Lebesgue spaces has been obtained.
and for
Corollary 1.3. Under the assumptions of Theorem 1.2, the operator M P is bounded on L p .R n /. Also, the operator
Proof. It suffices to refer to the known fact that
Note that in the isotropic case P D I Theorem 1.2 has been proved in [15] . Let b be a locally integrable function on R n , then we define commutators generated by parabolic maximal and singular integral operators with rough kernels and b as follows, respectively.
jb .x/ b .y/j j .x y/j jf .y/jdy;
If we take˛1 D D˛n D 1 and
In this case, T P defined as in (2) is the classical singular integral operator with rough kernel of convolution type whose boundedness in various function spaces has been well-studied by many authors (see OE16-20, and so on). And also, in this case, OEb; T P defined as in (3) is the classical commutator of singular integral operator with rough kernel of convolution type whose boundedness in various function spaces has also been well-studied by many authors (see OE16-20, and so on).
The classical Morrey spaces L p; have been introduced by Morrey in [21] to study the local behavior of solutions of second order elliptic partial differential equations(PDEs). In recent years there has been an explosion of interest in the study of the boundedness of operators on Morrey-type spaces. It has been shown that many properties of solutions to PDEs are concerned with the boundedness of some operators on Morrey-type spaces. In fact, better inclusion between Morrey and Hölder spaces allows to obtain higher regularity of the solutions to different elliptic and parabolic boundary problems.
Morrey has stated that many properties of solutions to PDEs can be attributed to the boundedness of some operators on Morrey spaces. For the boundedness of the Hardy-Littlewood maximal operator, the fractional integral operator and the Calderón-Zygmund singular integral operator on these spaces, we refer the readers to [22] [23] [24] . We define the parabolic Morrey spaces L p; ;P .R n / via the norm kf k L p; ;P D sup
where 
where W L p .E.x; r// denotes the weak L p -space of measurable functions f for which
where g denotes the non-increasing rearrangement of a function g.
It is known that the parabolic maximal operator M P is also bounded on L p; ;P for all 1 < p < 1 and 0 < < (see, e.g. [29] ), whose isotropic counterpart has been proved by Chiarenza and Frasca [23] .
In this paper, we prove the boundedness of the parabolic sublinear operators with rough kernel T P satisfying condition (1) generated by parabolic Calderón-Zygmund operators with rough kernel from one parabolic generalized local Morrey space LM fx 0 g p;' 1 ;P to another one LM fx 0 g p;' 2 ;P , 1 < p < 1, and from the space LM fx 0 g 1;' 1 ;P to the weak space W LM fx 0 g 1;' 2 ;P . In the case of b 2 LC fx0g p 2 ; ;P (parabolic local Campanato space) and OEb; T P is a sublinear operator, we find the sufficient conditions on the pair .' 1 ; ' 2 / which ensures the boundedness of the commutator operators OEb; T P from LM
By A . B we mean that A Ä CB with some positive constant C independent of appropriate quantities. If A . B and B . A, we write A B and say that A and B are equivalent.
Parabolic generalized local Morrey spaces
Let us define the parabolic generalized Morrey spaces as follows. Also by WM p;';P Á W M p;';P .R n / we denote the weak parabolic generalized Morrey space of all functions
According to this definition, we recover the parabolic Morrey space L p; ;P and the weak parabolic Morrey space W L p; ;P under the choice '.x; r/ D r p : and '.x; r/ satisfies conditions
whenever r Ä t Ä 2r, where c . 1/ does not depend on t, r, x 2 R n and
where C does not depend on x and r. Then the operator T P is bounded on M p;';P .
The results of [31] [32] [33] imply the following statement.
Theorem 2.4. Let 1 Ä p < 1 and '.x; t / satisfies conditions (4) and (5) . Then the operators M P and T P are bounded on M p;';P for p > 1 and from M 1;';P to W M 1;';P and for p D 1.
The following statement, containing the results obtained in [31] [32] [33] has been proved in [34, 35] (see also OE36-39 and [40, 41] ).
Theorem 2.5. Let 1 Ä p < 1 and the pair .' 1 ; ' 2 / satisfies the condition
where C does not depend on x and r. Then the operator T P is bounded from M p;' 1 ;P to M p;' 2 ;P for p > 1 and
Finally, inspired by the Definition 2.2, [16] and the Ph.D. thesis of Gurbuz [17] in this paper we consider the boundedness of parabolic sublinear operators with rough kernel on the parabolic generalized local Morrey spaces and give the parabolic local Campanato space estimates for their commutators.
3 Parabolic sublinear operators with rough kernel generated by parabolic Calderón-Zygmund operators on the spaces LM fx 0 g p;';P
In this section, we will prove the boundedness of the operator T P on the parabolic generalized local Morrey spaces LM fx 0 g p;';P by using the following statement on the boundedness of the weighted Hardy operator
where ! is a fixed non-negative function and measurable on .0; 1/. 
holds for some C > 0 for all non-negative and non-decreasing functions g on .0; 1/ if and only if
Moreover, the value C D B is the best constant for (7).
We first prove the following Theorem 3.2.
T P be a parabolic sublinear operator satisfying condition (1), bounded on L p .R n / for p > 1, and bounded from
If p > 1 and s 0 Ä p, then the inequality
If p > 1 and p < s, then the inequality
Moreover, for s > 1 the inequality
holds for any ellipsoid E .x 0 ; r/ and for all f 2 L loc 1
.R n /.
Proof. Let 1 < p < 1 and s 0 Ä p. Set E D E .x 0 ; r/ for the parabolic ball (ellipsoid) centered at x 0 and of radius r and 2kE D E .x 0 ; 2kr/. We represent f as
where constant C > 0 is independent of f . It is clear that x 2 E, y 2 .2kE/ C implies 1 2k
.x 0 y/. We geť
By the Fubini's theorem, we have
Applying the Hölder's inequality, we get
For x 2 E .x 0 ; t/, notice that is A t -homogenous of degree zero and 2 L s .S n 1 /, s > 1. Then, we obtain
Thus, by (11) , it follows that:ˇT
Moreover, for all p 2 OE1; 1/ the inequality
is valid. Thus, we obtain
On the other hand, we have
By combining the above inequalities, we obtain
Let 1 < p < s. Similarly to (11), when y 2 B .x 0 ; t/, it is true that
By the Fubini's theorem, the Minkowski inequality and (14), we get
Let p D 1 < s Ä 1. From the weak .1; 1/ boundedness of T P and (13) it follows that:
Then from (12) and (15) we get the inequality (9), which completes the proof.
In the following theorem (our main result), we get the boundedness of the operator T P satisfying condition (1) on the parabolic generalized local Morrey spaces LM fx 0 g p;';P .
Theorem 3.3. Let x 0 2 R n , 1 Ä p < 1 and 2 L s .S n 1 /, 1 < s Ä 1, be A t -homogeneous of degree zero. Let T P be a parabolic sublinear operator satisfying condition (1), bounded on L p .R n / for p > 1, and bounded from
and for 1 < p < s the pair .' 1 ; ' 2 / satisfies the condition
where C does not depend on r.
Then the operator T P is bounded from LM 
Proof. 
:
Remark 3.7. Note that, in the case of P D I Corollary 3.6 has been proved in [16, 17] . Also, in the case of P D I and s D 1 Corollary 3.6 has been proved in [16, 17] .
Corollary 3.8. Let 1 Ä p < 1 and 2 L s .S n 1 /, 1 < s Ä 1, be A t -homogeneous of degree zero. Let T P be a parabolic sublinear operator satisfying condition (1), bounded on L p .R n / for p > 1, and bounded from
where C does not depend on x and r. Then the operator T P is bounded from M p;' 1 ;P to M p;' 2 ;P for p > 1 and from M (20) but do not satisfy condition (6) (see [41, 43] ).
Corollary 3.12. Let 1 Ä p < 1 and 2 L s .S n 1 /, 1 < s Ä 1, be homogeneous of degree zero. Let T P be a parabolic sublinear operator satisfying condition (1), bounded on L p .R n / for p > 1, and bounded from
dt Ä C ' 2 .x; r/; and for 1 < p < s the pair .' 1 ; ' 2 / satisfies the condition
where C does not depend on x and r. Then the operator T P is bounded from M p;' 1 ;P to M p;' 2 ;P for p > 1 and from M . kf k M 1;' 1 ;P :
Remark 3.13. Note that, in the case of P D I Corollary 3.12 has been proved in [16] [17] [18] . Also, in the case of P D I and s D 1 Corollary 3.12 has been proved in [16] [17] [18] and [41, 43] . 
where ! is a weight function. Let T be a linear operator. For a locally integrable function b on R n , we define the commutator OEb; T by
for any suitable function f . Let T be a Calderón-Zygmund operator. A well known result of Coifman et al. [44] states that when K .x/ D .x 0 / jxj n and is smooth, the commutator
Since BMO.R n / T p>1 LC fx0g p;P .R n /, if we only assume b 2 LC fx0g p;P .R n /, or more generally b 2 LC fx0g p; ;P .R n /, then OEb; T may not be a bounded operator on L p .R n /, 1 < p < 1. However, it has some boundedness properties on other spaces. As a matter of fact, Grafakos et al. [45, 46] have considered the commutator with b 2 LC fx0g p;I .R n / on Herz spaces for the first time. Morever, in [16, 17] and [19, 46] , they have considered the commutators with b 2 LC fx0g p; ;I .R n /. The commutator of Calderón-Zygmund operators plays an important role in studying the regularity of solutions of elliptic partial differential equations of second order (see, for example, [25] [26] [27] ). The boundedness of the commutator has been generalized to other contexts and important applications to some non-linear PDEs have been given by Coifman et al. [47] . We introduce the parabolic local Campanato space LC fx0g p; ;P following the known ideas of defining local Campanato space (see [16, 17, 42] etc). 
1;0;I .R n / has been considered in other denotes in [49] . The space LC fx0g p;P .R n / can be regarded as a local version of BMO.R n /, the space of parabolic bounded mean oscillation, at the origin. But, they have quite different properties. The classical John-Nirenberg inequality shows that functions in BMO.R n / are locally exponentially integrable. This implies that, for any 1 Ä p < 1, the functions in BMO.R n / (parabolic BMO) can be described by means of the condition:
where B denotes an arbitrary ball in R n . However, the space LC
Therefore, there is no analogy of the famous John-Nirenberg inequality of BMO.R n / for the space LC holds for some C > 0 for all non-negative and non-decreasing functions g on .0; 1/ if and only if
Moreover, the value C D B is the best constant for (23). .y/ b E.x 0 ;r 2 /ˇp dy
where C > 0 is independent of b, r 1 and r 2 . From this inequality .25/, we havě
and it is easy to see that
In [30] the following statements have been proved for the parabolic commutators of parabolic singular integral operators with rough kernel T P , containing the result in [31] [32] [33] .
Theorem 4.6. Suppose that 2 L s .S n 1 /, 1 < s Ä 1, is A t -homogeneous of degree zero and b 2 BMO.R n /.
and '.x; r/ satisfies the conditions (4) and (5) . If the commutator operator OEb; T P is bounded on L p .R n /, then the operator OEb; T P is bounded on M p;';P .
Theorem 4.7. Let 1 < p < 1, b 2 BMO.R n / and '.x; t / satisfies conditions (4) and (5) . Then the operators M P b and OEb; T P are bounded on M p;';P .
As in the proof of Theorem 3.3, it suffices to prove the following Theorem 4.8.
Theorem 4.8. Let x 0 2 R n , 1 < p < 1 and 2 L s .S n 1 /, 1 < s Ä 1, be A t -homogeneous of degree zero.
Let T P be a parabolic linear operator satisfying condition (1), bounded on L p .R n / for 1 < p < 1. Let also,
holds for any ellipsoid E .x 0 ; r/ and for all f 2 L loc p 1 .R n /.
Also, for p 1 < s, the inequality
Proof. Let 1 < p < 1, b 2 LC fx0g p 2 ; ;P .R n / and
. Set E D E .x 0 ; r/ for the parabolic ball (ellipsoid) centered at x 0 and of radius r and 2kE D E .x 0 ; 2kr/. We represent f as
and have
Hence we get
By the Hölder's inequality, the boundedness of T P on L p 1 .R n / (see Theorem 1.2) it follows that:
Using the the boundedness of T P on L p .R n / (see Theorem 1.2), by the Hölder's inequality for J 2 we have
For J 3 , it is known that x 2 E, y 2 .2kE/ C , which implies 1 2k
.x 0 y/ Ä .x y/ Ä 3k 2 .x 0 y/. When s 0 Ä p 1 , by the Fubini's theorem, the Hölder's inequality and (11) we havě
Hence, we get
When p 1 < s, by the Fubini's theorem, the Minkowski inequality, the Hölder's inequality and from (27) , (14) we get . kbk
On the other hand, for J 4 , when s 0 Ä p, for x 2 E, by the Fubini's theorem, applying the Hölder's inequality and from (26) , (27) , (11) we havě
Then, we have
When p 1 < s, by the Minkowski inequality, applying the Hölder's inequality and from (26) , (27) , (14) we have
Now combined by all the above estimates, we end the proof of this Theorem 4.8.
Now we can give the following theorem (our main result).
Theorem 4.9. Let x 0 2 R n , 1 < p < 1 and 2 L s .S n 1 /, 1 < s Ä 1, be A t -homogeneous of degree zero. Let T P be a parabolic linear operator satisfying condition (1), bounded on L p .R n / for 1 < p < 1. Let
. Let also, for s 0 Ä p the pair .' 1 ; ' 2 / satisfies the condition
and for p 1 < s the pair .' 1 ; ' 2 / satisfies the condition
Then the operator OEb; T P is bounded from LM dt Ä C ' 2 .x; r/r n s ;
where C does not depend on x and r. Then the operator OEb; T P is bounded from M p;' 1 ;P to M p;' 2 ;P . Moreover, OEb; T P f M p;' 2 ;P . kbk BMO kf k M p;' 1 ;P :
Remark 4.18. Note that, in the case of P D I Corollary 4.17 has been proved in [16] [17] [18] . Also, in the case of P D I and s D 1 Corollary 4.17 has been proved in [16] [17] [18] and [41, 43] . Now, we give the applications of Theorem 3.3 and Theorem 4.9 for the parabolic Marcinkiewicz operator. Suppose that .x/ is a real-valued and measurable function defined on R n satisfying the following conditions:
(a) .x/ is homogeneous of degree zero with respect to A t , that is, Thus, satisfies the condition (1). When 2 L s S n 1 .s > 1/, It is known that is bounded on L p .R n / for p > 1, and bounded from L 1 .R n / to W L 1 .R n / for p D 1 (see [50] ), then from Theorems 3.3, 4.9 we get Corollary 4.22. Let 2 L s .S n 1 /, 1 < s Ä 1, 1 < p < 1 and b 2 BMO .R n /. Let also, for s 0 Ä p the pair .' 1 ; ' 2 / satisfies condition (32) and for p < s the pair .' 1 ; ' 2 / satisfies condition (33) and satisfies conditions (a)-(c). Then, the operator OEb;
is bounded from M p;' 1 to M p;' 2 . .R n ; / D .R n ; j j/, E I .x; r/ D B .x; r/. In this case, is just the classical Marcinkiewicz integral operator , which was first defined by Stein in 1958. In [51] , Stein has proved that if satisfies the Lipshitz condition of degree of˛.0 <˛Ä 1/ on S n 1 and the conditions (a), (b) (obviously, in the case A t D tI and J .x 0 / Á 1), then is both of the type .p; p/ .1 < p Ä 2/ and the weak type .1:1/. (See also [52] for the boundedness of the classical Marcinkiewicz integral .)
